There had been consensus on what the accurate ac quantum transport theory was until some recent works challenged the conventional wisdom. Basing on the non-equilibrium Green's function formalism for time-dependent quantum transport, we derive an expression for the dynamic admittance that satisfies gauge invariance and current continuity, and clarify the key concept in the field. The validity of our now formalism is verified by first-principles calculation of the transient current through a carbon-nanotube-based device under the time-dependent bias voltage. Moreover, the previously well-accepted expression for dynamic admittance is recovered only when the device is a perfect conductor at a specific potential. PACS numbers: 72.10. Bg, 73.23.Ad, 73.63.Fg Understanding quantum transport is important for the development of nanoelectronics. The Laudaure-Büttiker formula has been widely used to calculate steady state current with great success.[1-6] The resulting steady state currents through the leads in contact with the electronic device satisfy gauge invariance and current conservation. Here, gauge invariance condition means that all physical observables should remain unchanged when the applied bias voltages are shifted by a constant. Current conservation implies that the steady state currents satisfy the Kirchhoff's circuit law, i.e., the currents through all leads sum up to zero. In contrast, the situation is somewhat different for ac quantum transport. The gauge invariance should still hold. Meanwhile, the particle currents through all leads are no longer conserved, due to the possible transient charge accumulation or depletion at the device. In such cases, the current conservation (or Kirchhoff's law) does not apply. Instead, the currents satisfy the charge continuity equation. Of course, the current conservation may be retrieved formally by introducing the displacement current, so that the total (particle plus displacement) currents through all leads sum up to zero.
Understanding quantum transport is important for the development of nanoelectronics. The Laudaure-Büttiker formula has been widely used to calculate steady state current with great success. [1] [2] [3] [4] [5] [6] The resulting steady state currents through the leads in contact with the electronic device satisfy gauge invariance and current conservation. Here, gauge invariance condition means that all physical observables should remain unchanged when the applied bias voltages are shifted by a constant. Current conservation implies that the steady state currents satisfy the Kirchhoff's circuit law, i.e., the currents through all leads sum up to zero. In contrast, the situation is somewhat different for ac quantum transport. The gauge invariance should still hold. Meanwhile, the particle currents through all leads are no longer conserved, due to the possible transient charge accumulation or depletion at the device. In such cases, the current conservation (or Kirchhoff's law) does not apply. Instead, the currents satisfy the charge continuity equation. Of course, the current conservation may be retrieved formally by introducing the displacement current, so that the total (particle plus displacement) currents through all leads sum up to zero.
In 1993, Büttiker and coworkers have derived an expression for the linear dynamic admittance of a small conductor by employing the scattering matrix theory. [7] By taking into account of a uniform potential distribution inside the small conductor, gauge invariance was guaranteed. To ensure current conservation, the conductor was treated as an extra terminal, and the resulting additional dynamic admittance matrix counts for the contribution from the displacement current. However, it is unclear how to apply such a formulation to a generic device where the potential distribution is not uniform. In 1995, Anantram and Datta pioneered a microscopic ac transport theory based on nonequilibrium Green's function (NEGF) formalism and the wide-band limit (WBL) approximation. [8] However, the resulting formalism for the dynamic admittance does not satisfy gauge invariance and current conservation. To remedy such a situation, in 1999, a phenomenological NEGF method was proposed to ensure both gauge invariance and current conservation by Wang, Wang and Guo. [9] The key idea was to partition the displacement current onto each electrode or terminal in a phenomenological manner. This was achieved by imposing the requirements of both gauge invariance and current conservation on top of the theory of Anantram and Datta. [8] It was a very nice idea and the resulting expression for the dynamic admittance has been widely used in the field ever since, [10] despite of the two facts: (1) it was built on a previous formalism that is not gauge-invariant; [8] and (2) no detailed justification or derivation based on the microscopic theory was given.
We calculated the dynamic admittance of a carbon nanotube (CNT) based device, and compared it with the result of a well-established NEGF-based time-dependent density-functional theory (TDDFT-NEGF) method. [11, 12] The two sets of results are found significantly different from each other (see Fig.1b) . Recently, Wang and coworkers have calculated the dynamic admittances of a benzene-dithiol and a chain of carbon atoms sandwiched between two aluminum electrodes. [13] Both the phenomenological formalism of Reference [9] and a microscopic theory [14] were employed in their calculations. It was found that the discrepancy between the two could be as much as two orders of magnitude. The inconsistency in the calculation results thus presents a serious challenge for the existing ac quantum transport theory.
Before we proceed to develop a correct microscopic theory for ac quantum transport, we explore what it might be. Current conservation for steady state current comes from the current continuity equation ∇ · J + ∂ ∂t ρ = 0, where J( r, t) is the current density function and ρ( r, t) the electron density function. For steady states, the timepartial derivative of ρ( r, t) is zero, so ∇ · J = 0, which leads to current conservation. However, for ac transport, ρ( r, t) is time-dependent and its time-derivative is usually nonzero, and thus ∇ · J = 0, i.e. the current conservation may not hold. In other words, for ac or time-dependent current, the current conservation is not required. Certainly, if the displacement current is included, current conservation is satisfied for the total current, just as that arXiv:1301.0183v1 [cond-mat.mes-hall] 2 Jan 2013 in the conventional theory of electrodynamics.
As demonstrated by Büttiker and coworkers, gauge invariance can be preserved by taking into account of the induced potential distribution of the electronic device properly. [7] Due to the bias voltages on the electrodes, the electrons in the device region respond via redistribution. Moreover, electrons may leave from or enter into the device, which leads to further charge redistribution. The Hartree potential in the device then adjusts to the applied voltages and charge redistribution. As a result, the relative Hartree potential distribution is gauge-invariant, so is the resulting current, as required by physics. Therefore, the key to ensure gauge invariance is to self-consistently determine the Hartree potential.
Our objective is thus to develop an ac quantum transport theory that is gauge-invariant and currentcontinuous (rather than current-conserved). Starting from the Keldysh NEGF formula in time domain, [15] 
we perform a double-time Fourier transform to convert it into frequency domain. The Green's function and selfenergies are separated into equilibrium and small-signal terms as A γ = A γ 0 + δA γ , where γ = r, a, <, or >, A = G or Σ. The frequency-dependent current can thus be expressed as
where E + = E + ω. Employing Langreth's rules, [8] we obtain
And the small-signal terms of the retarded and lesser selfenergy are obtained by performing Fourier transform on time-domain expressions [16] 
where v α is the applied voltage at Lead α, Γ α is the coupling between device and Lead α, and equilibrium self-energies are Σ
, where g r is the Green's function for uncoupled the system, and its corresponding small-signal term δg r is the change of g r due to the change of Hartree potential. Although uncoupled, the device still experiences a potential shift after the application of the external potential; therefore, δg r is nonzero in general, which was neglected in Reference [8] .
Therefore,
and δG a is the Hermitian conjugate of δG r . δg r can be evaluated from
where U ( r, ω) is the induced Hartree potential energy in the device region due to the bias voltages, which can be obtained self-consistently by solving Poisson equation subject to the proper boundary condition. [17] Within the linear-response regime, U ( r, ω) can be approximated as U ( r, ω) = − γ eu γ ( r, ω)v γ (ω), where u γ ( r, t) is the dimensionless potential distribution with boundary condition v γ = 1, and v β = 0, (γ = β). γ u γ ( r, ω) = 1 is required by gauge invariance. By performing Fourier transform, we have
As a consequence, δG r can be expressed as
Substituting Eqs. (3), (4) and (8) into Eq. (2), we obtain the expression of dynamic admittance for the particle current as:
where for simplicity, (9) is the central equation of our microscopic theory. The gauge is naturally satisfied as γ G αγ (ω) = 0 based on Eq. (9). In general, current conservation is not satisfied for ac currents through a nano-device; instead, current continuity holds, which can be verified as γ G γβ (ω) = i ω v β Q(ω)| vκ=0,β =κ , and
is the accumulated charge of the device, and is generally nonzero. We have thus developed a gauge-invariant and current-continuous NEGF formalism for ac quantum transport. In practice, we need to solve u γ ( r, ω) selfconsistently subjected to the boundary condition v γ = 1, and v β = 0| β =γ . When the frequency ω is low, the WBL approximation yields accurate dynamic admittance. Under the WBL approximation, Eq. (9) can be greatly simplified as
Eq. (11) is consistent with the formula for the dynamic admittance of the total current in Reference [14] . The last term in Eq. (11) that is proportional to u β ( r, ω) was mistakenly termed as displacement current, and the rest as the particle current. In fact, all terms are for the particle current. According to Reference [9] , within the WBL approximation, the dynamic admittance can be expressed as
where the first three terms are the results of Anantram and Datta, [8] and the fourth is the phenomenological term that was thought to count for the contribution of the displacement current. Comparing Eqs. (11) and (12), we find that the two are exactly the same when
where
, namely, the device is a perfect conductor with a uniform potential at
In other words, Eq. (12) is recovered only if the device is a perfect conductor with its uniform potential expressed by Eq. (14). As Eq. (11) is for the particle current, the fourth term in Eq. (12) is thus not from the displacement current, and is rather the correction to the particle current due to the induced potential of the device. It is important to emphasize this.
Employing Eq. (11), we calculate the dynamic admittance of a (5, 5) carbon nanotube coupled with two aluminum electrodes as depicted in Fig. 1a . The result is compared to that of TDDFT-NEGF calculation. [11, 12] TDDFT-NEGF has been developed to calculate the time-dependent current, and employed to simulate the transient current through a variety of molecular and nanoscopic devices such as carbon nanotube based twoterminal device. [18] The local density approximation (LDA) and WBL approximation are adopted. The timedependent current is evaluated, and a Fourier transform is performed to determine the dynamic admittance. The real and imaginary parts of G LL (ω) are plotted in Fig.1b . Clearly, there is an excellent agreement between the frequency-and time-domain results, which confirms the validity of our gauge-invariant and current-continuous ac quantum transport theory.
In comparison, we calculate the corresponding dynamic admittances of both devices employing the phenomenological formula given in Reference [9] , and the resulting G LL (ω) is plotted in Fig.1b , as well. When the frequency ω is zero, the phenomenological method recovers both the results of the microscopic theory and TDDFT-NEGF. However, beyond the steady state, the results deviate from those of Eq. (11) and the TDDFT-NEGF. [11, 12] In particular, as in Fig.1b , the imaginary part of dynamic admittance starts to deviate immediately at ω > 0. At both low and high frequencies, the potential drops mostly across the CNT, which differs drastically from the constant potential requirement of Eqs. (13) and (14) . In fact, if the device and electrodes are mirror-symmetric, then A L = A R = (11) and (12) . However, this is not the case.
We explore how to include the contribution of the displacement current. Following the treatment of Büttiker and coworkers, [7] the admittance for the displacement current can be defined as
sures that the gauge invariance is satisfied. We may define the total admittance as G
. Gauge invariance and current conservation for G tot are satisfied as long as α A α = 1. This means that there are infinite ways to partition G d β if one is merely to ensure the gauge invariance and current conservation for the dynamic admittance of the total current. Although the partition of G d in Reference [9] was uniquely determined, it was based on the expression that violates gauge invariance for the dynamic admittance of the particle current. If the correct expression, Eq. (9), is used, the correction to the dynamic admittance would simply be zero! According to classical electrodynamics, the displacement current is introduced to ensure the current conservation, and is physically defined. According to Ampère's law, the displacement current should be I d (ω) = iωΦ(ω) , where Φ(ω) is electric flux. The total current is thus I tot α = I α + iωΦ α , where Φ α is the flux of the interface between Lead α and device, i.e. A α = Φ α /Φ. We have thus an expression for the admittance from the displacement current. However, the calculation of the contribution from the displacement current can be numerically difficult, because normally the portions of the electrodes are included in the simulation box. As a result, the electric fields at the boundaries of the electrodes are very small, and Φ α and Φ may thus be very close to zero. The evaluation of A α may encounter the 0 ± /0 ± problem, which renders the accurate evaluation of A α difficult. Moreover, A α depends sensitively on the exact location of the boundary. Alternatively, inspired by Büttiker et al in Reference [7] , we introduce Terminal 0, with its dynamic admittance component expressed as G 0β (ω) = G d β (ω) = − α G αβ (ω). As a result, the total curent conserves, since α=0 G αβ = 0
The microscopic ac quantum transport theory developed here is gauge-invariant but not current-conserved. Q(ω) depends on the size of the device region. As more of the leads are included in the simulation box, Q(ω) becomes less. In fact, if the simulation box is infinitely long and includes infinite portion of the leads, Q(ω) is zero; thus, current conservation holds. However, since the simulation box is finite in practice, Q(ω) is usually nonzero, and current conservation is thus not guaranteed.
